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Variable depth and Earth rotation 
              Vorticity waves 
Depth variations AFFECT the depth integrated vorticity balance   
Consider: 
A topographic gyre as tho one described by the no rotation case. 
Assume it has been established by a wind impulse over a period T short enough to neglect 
Coriolis force. 
 
From the transport distribution obtained for a long and narrow basin (see the no rotation case)  
 
 
 
 
it is possible to compute the depth integrated vorticity. 
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Variable depth and Earth rotation 
              Vorticity waves 
 The x axis coincides with the so-called Talweg, (valley way)the site (locus) of maximum depth. 
 
•  To the right of the wind                            is >0 
 
•  To the left of the wind                              is <0 
  
•  In both cases the absolute value of the depth gradient is relatively large near the coast. 
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Variable depth and Earth rotation 
              Vorticity waves 
 Upon cessation of the wind impulse we get the transport distribution of the kind: 
 
 
 
 
 
 
 
And the vorticity distribution is shown below: 
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Variable depth and Earth rotation 
              Vorticity waves 
 Under the influence of rotation the pressure distribution adjust to geostrophic equilibrium: 
•  Sea level rises along the coast to the right of the wind 
•  Sea level sinks along the coast to the left of the wind 
•                                                                        a LONG SHORE pressure gradient arises across 
•                                                                        the end sections of the basin, driving from the  
•                                                                         right hand to the left hand shore. 
•                                                                                             direction of the pressure 
•                                                                                              gradient force 
•  Left hand  
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The depth integrated 
Vorticity balance is now 
Defined byà 
Variable depth and Earth rotation 
              Vorticity waves 
 At the coast (U=0), in absence of surface and bottom stress, the equation of motion 
 
 
 
 
Gives an along-shore transport generated by the long-shore pressure gradient 
The circulation pattern generated without rotation is modified: 
                                                             
                                                                    
                                                                       At the upwind end: a clockwise coastal current 
 
 
 
         
                                                                    At the downwind end: a counterclockwise coastal                                                         
                                                                    current 
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Variable depth and Earth rotation 
              Vorticity waves 
 Red lines: the original (no rotation case) topographic gyres 
 
                                                                                    The coastal currents (clockwise and 
                                                                                     counterclockwise) at the two ends of the 
                                                                                     basin moves further counterclockwise the 
                                                                                     gyre at the righthand of the wind and  
                                                                                     similarly the gyre at the left hand, but 
                                                                                     “backwards” (also counterclockwise)  
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Variable depth and Earth rotation 
              Vorticity waves 
 The stretching/squashing term is now non-zero. As fluid crosses depth contours. 
After some time the vorticity distribution is modified from: 
 
 
 
     
 
 
 
                                                                                          to: 
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The topographic gyres  
Propagate counterclockwise 
Variable depth and Earth rotation 
              Vorticity waves 
Such qualitative description can be supported by some crude quantitative estimate: 
Assume that the coastal current (initially) generated by the wind impulse has a typical velocity v0
And extends across a  coastal strip of width l. 
The surface elevation/depression necessary for a geostrophic balance is then: 
 
 
 
In a basin having a perimeter P, the long shore variation of the elevation pattern  associated to 
the topographic gyre has a lowest wavenumber of:  
                                                            k=2π/P
And therefore the elevation gradient at the end of the basin is: 
 
                                                                                                      λ=constant 
 
  
the corresponding acceleration                        generates a velocity v0 in a period 
 
Its reciprocal is  the typical frequency of the process 
 
And the linear propagation velocity along the coast is   
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Variable depth and Earth rotation 
              Vorticity waves 
Such mode of motion is defined as “vorticity wave” and has the following characteristics 
 
•  It is a free mode (takes place in absence of forcing, once an initial vorticity distribution is 
established. 
•  It depends from depth variation and rotation . 
•  It has a characteristic frequency low enough to be of interest in circulation problem.  
Given: 
                             f=10-4 s-1and l=10 km k= 10-5 m (P=100 km) 
                                        c=1 ms-1,  σ=10-5 s-1  T≅1 day                                                  
 
 
Variable depth and Stratification 
In a stratified ocean internal surfaces  move vertically along distances of the order of tens of 
metres. 
The consequent stretching/squashing of the water column is therefore generating vorticity. 
 
Such mechanism act mostly in a coastal band scaled by the deformation radius R . 
Within the same region, vorticity generation associated with bottom slope is also effective. 
 
Then vorticity tendency due to both isopycnal movements and bottom slope must be considered. 
 
Cases described here are based on linearised theory with depth variations  included directly in 
the transport equations for a two layer fluid. 
CAVEAT 
Even within the limitation of the linearization theoretical difficulties have not been fully resolved. 
Variable depth and Stratification 
The linearised 2 layer model solving for the barotropic and the baroclinic mode previously seen 
(cfr. Lesson about the stratified ocean) 
  
 
 
 
 
 
 
 
 
 
 
 
and the long shore wind case with variable bathymetry can be combined to give a 2 layer model 
fluid model over an inclined plane beach. 
Calculation follows closely those seen in the specific section of the notes and are here 
summarised 
 
 
 
 
 
 
 
 
Variable depth and Stratification 
The Model setup is as follows: 
 
                                                                                 note that x=0 is located where the pycnocline 
                                                                                 Intersect the bottom and ONLY the two layer 
                                                                                 portion x≥0 is considered. 
                                                                                  there we have: 
                                                                                  h=h0=constant
                                                                                  h’=sx (bottom with constant slope function  
                                                                                               of x ) 
                                                                               The equation system is the same seen for the                      
                                                                               two layer model with constant depth: 
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Variable depth and Stratification 
Wind is blowing only along-shore and for this wind configuration the response of the two layer fluid 
is described by:  
 
 
 
 
 
B and B’: depth integrated longshore accelerations in the top and bottom layers 
W and W’ : vertical velocities of surface and pycnocline. 
 B, B’, W and W’  are ONLY functions of x.                
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Variable depth and Stratification 
On substitution into the transport equation system, the long shore acceleration and the vertical 
velocities can be eliminated  and the problem is reduced to 2 equations for the cross shore 
transport  components U and U’:                
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Variable depth and Stratification 
On substitution into the transport equation system, the long shore  
acceleration and the vertical velocities can be eliminated  and the problem is reduced to 2 
equations for the cross shore transport  components U and U’: 
 
 
 
 
 
 
 
As for the constant depth model the solution consists of 2 additive components  U1 (barotropic 
mode) and U2 (baroclinic mode).: 
 
 
The first component (U1) having almost constant velocity: 
 
 
 
The second component havin almost zero transport                
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Variable depth and Stratification 
After some manipulation the two equation above can be transformed in the set of the 2 uncoupled 
equation below. 
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Variable depth and Stratification 
The 1st equation is the same that can be obtained from the set of the transport equation for the 
total cross-shore transport in an homogeneous fluid of (variable) depth H=h+h’ (along coast 
wind case), whose solution have been already found: 
 
The second equation, given the constant slope h’=sx can be reduced to: 
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Variable depth and Stratification 
Where all the variables are non dimensional and are defined as follows: 
 
 
 
 
                                                                                                           h0=h=constant
An explicit solution of the equation may be found for k=0.5 resulting from : 
s= 3 10-3 ε= 2 10-3 h0= 18 m    f=10-4 s-1 and the corresponding internal baroclinic radius  
Rs=6 km   
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Variable depth and Stratification 
Upon solution for U2 the pycnocline vertical velocity        and the long shore acceleration B2 
follows: 
 
 
 
 
B2 physically represent  the difference between the homogeneous fluid response (uniform 
acceleration throughout the entire water column and the stratified response. 
 
In other words                is the fraction by which the top layer exceeds its share of the uniform 
response. 
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Variable depth and Stratification 
At 6 km from the pycnocline intersection  with the 
bottom we have h=h’.  
Under uniform  response we should have 
            for each layer (depth integrated) 
acceleration.  
The actual split is                 with 
 
                              and 
 
A small difference, considerably less than the one 
found in in a constant depth model. 
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Variable depth and Stratification 
A small difference, considerably less than the one 
found in in a constant depth model. 
 
 The reason for that emerges considering the 
motion of the bottom layer. 
The Pycnocline velocity W’ at x=0 is: 
 
 
                                                 (x=0)  
 
A rising pycnocline implies a shoreward velocity 
That for k=0.5 and Rs=h0/s is 
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Variable depth and Stratification 
Such adjustement drift implies generation of a 
longshore velocity. 
                                                  
                                                     (x=0)
 
Note that at x=0, h’=0 then in the top layer  
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Then v’ is more than half v, and the contrast between top and bottom layer velocities is 
reduced with respect to the constant depth case.. 
The pycnocline intersection moves shoreward/offshore corresponding to a pycnocline rise/
fall. The consequent adjustement drift generates an along shore current partly compensating 
for the effect of stratification on momentum distribution in the water column 
